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Abstract. In this paper we study the Sobolev embedding theorem for variable exponent spaces 
with critical exponents. We find conditions on the best constant in order to guaranty the 
existence of extremals. The proof is based on a suitable refinement of the estimates in the 
Concentration-Compactness Theorem for variable exponents and an adaptation of a convexity 
argument due to P.L. Lions, F. Pacella and M. Tricarico. 



1. Introduction 

In this paper we study the existence problem for extremals of the Sobolev immersion Theorem 
for variable exponents Wq'^^^\q,) L'^^'^^Q). By extremals we mean functions where the 
following infimum is attained 

(1.1) S{p{-),q{-),n)= inf "^''"^'"^^^"^ 

Here C M is a bounded open set and the variable exponent spaces 

are defined in the usual way. We refer to the book [3] for the definition and properties of these 
spaces, though in Section 2 we review the results relevant for this paper. 

The critical exponent is defined as usual 



p*{x) 



oo if p{x) > N. 



When the exponent q{x) is subcritical, i.e. 1 < q{x) < p*{x) — 5 for some 5 > 0, the 
immersion is compact (see [6], Theorem 2.3), so the existence of extremals follows easily by 
direct minimization. But when the subcriticality is violated, i.e. 1 < q{x) < p*{x) with A = 
{x G fi: q{x) = p*{x), p{x) < N} ^ the compactness of the immersion fails and so the 
existence (or not) of minimizers is not clear. For instance, in the constant exponent case, it is 
well known that extremals do not exists for any bounded open set Q. 

There are some cases where the subcriticality is violated but still the immersion is compact. 
In fact, in [13], it is proved that if the criticality set is "small" and we have a control on how 
the exponent q reaches p* at the criticality set, then the immersion 
compact, and so the existence of extremals follows as in the subcritical case. 

However, in the general case ^ 7^ 0, up to our knowledge, there are no results regarding the 
existence or not of extremals for the Sobolev immersion Theorem. This paper is an attempt to 
fill this gap. 
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In order to state our main results, let us introduce some notation. 

• The Rayleigh quotient will be denoted by 

(1-2) Qp,9,n(«) := -j-r, • 

• The Sobolev immersion constant by 

(1.3) S{pi-),q{-),n)= inf Qp,g,n{v). 

• The localized Sobolev constant by 

(1.4) S; = supS{p{-),qi-),B,{x))= Urn Sip{-),qi-),B,{x)), x e n. 

£>0 £-*-0+ 

• The critical constant by 

(1.5) S = inf S^. 



The usual Sobolev constant for constant exponents 



(1.6) K-^ = inf , „ 

veC^{R") \\v\\i^r* 

With these notations, our main results can be stated as 

Theorem 1.1. Assume that p{-) , q{-) : Q — > M are continuous functions with modulus of conti- 
nuity pit) such that 

pit) log(l/t) ^0 as t + . 
Assume, moreover, that the criticality set A is nonempty and supQp(-) < infng(-). 
Then, for every domain it holds 

Sip{-),qi-),n)<S< inf K-\ 

where p'^ := inf_4p(-) and p'^ := sup_^p{-). 

Theorem 1.2. Under the same assumptions of the previous Theorem, if the strict inequality 
holds 

s{p{-),q{-),n)<s, 

then there exists an extremal for the immersion Wo'^^'^^(0)m-L9W(J^). 

These two theorems give rise to two natural questions: 

(1) Is S = infp-^^^p+ or the inequality is strict? 

(2) For what domains J7 and exponents p{x), q{x) is the strict inequality S{p{-),q{-), Q) < S 
achieved? 

We give partial answer to these questions in this paper. For question (1) we show that 
Sx = ^p(l;) for every point x G A which is a local minimTim of p and a local maximum of q. As 
far as we know, it is an open problem to determine wether this inequality holds in general or 
not. For question (2), we show that the strict inequality is achieved for every domain Q such 
that the subcriticality set \ ^ contains a sufficiently large ball. It will be interesting to know 
if there exists an example of the strict inequality in the case where q{x) = p*{x) in il. 
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In the course of our study of question (1), we need to show that the constant 5(p(-), g(-), 17) 
is continuous with respect to p{-) and q{-) in the L°°{il) topology for monotone sequences. We 
beheve that this result has independent interest. 

The proof of Theorem 11.21 heavily relies on the Concentration-Compactness Theorem for 
variable exponents that was proved independently by [8] and [9]. Moreover, what is needed here 
is a slight refinement of the version in [8J . Though this refinement follows as a simple observation 
in [8], we make here a sketch of the full proof of the Concentration-Compactness Theorem in 
order to make the paper self contained. 

The other key ingredient in the proof is the adaptation of a convexity argument due to P.L. 
Lions, F. Pacella and M. Tricarico pi)] in order to show that a minimizing sequence either 
concentrates at a single point or is strongly convergent. 

Analogous results can be obtained for the trace embedding theorem by applying similar 
techniques. See |7]. 

To end this introduction, let us comment on different applications where the p(j;)— Laplacian 
has appeared. 

Up to our knowledge there are two main fields where the p(x)— Laplacian has been proved to 
be extremely useful in applications: 

• Image Processing 

• Electrorheological Fluids 

For instance, in [2], Y. Chen, S. Levin and R. Rao proposed the following model in image 



where p{x) is a function varying between 1 and 2 and / is a convex function. In their application, 
they chose p{x) close to 1 where there is likely to be edges and close to 2 where it is unlikely to 
be edges. 

The electrorheological fluids application is much more developed and we refer to the mono- 
graph by M. Ruzicka, |14j . and its references. In these models, after some simplifications, it 
leads to solve 



for some nonlinear source /. In most cases, the source term is taken to be only dependent on u 
and so in order for the usual variational techniques to work, one needs a control on the growth 
of / given by the Sobolev embedding. In this regard there are plenty of literature that deal 
with this problem (just to cite a few, see [H HI O |TT1 US]). When the source term has critical 
growth in the sense of the Sobolev embedding, there are only a few results on the existence of 
solutions for (II. 7p . We refer to the above mentioned works of [U EJ [H] and also the work [15] 
where multiplicity results for (II. 7p are obtained. 

Organization of the paper. The rest of the paper is organized as follows. In Section 2, we 
collect some preliminaries on variable exponent spaces that will be used throughout the paper. 
In Section 3 we revisit the proof of the Concentration-Compactness Theorem in the version of 
[5] in order to make the necessary refinement. In Section 4 we prove our main results. Theorem 



processmg 




(1.7) 
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ll.ll and Theorem 11.21 In Section 5 we prove the continuity of the Sobolev constant with respect 
to p and q in the L°° topology. In Section 6 we give partial answer to question (1) and show 
that for X a local minimum of p and local maximum of q, = ' Fi^^'llY) ™ Section 7 we 
give partial answer to question (2) and show that if \ ^ contains a sufficiently large ball, then 

s{p{-),q{-),n)<s. 

2. Preliminaries on variable exponent Sobolev spaces 

In this section we review some preliminary results regarding Lebesgue and Sobolev spaces 
with variable exponent. All of these results and a comprehensive study of these spaces can be 
found in [3]. 

The variable exponent Lebesgue space is defined by 

This space is endowed with the norm 

,, „ r ^ f u(x) pi^) , 1 

\m\Lp(^){n) = mf |A > : — ^ dx < 1 j 

The variable exponent Sobolev space 

^i,p(^)(f7) is defined by 
= {u£ Wl;^{n):u € LP^'-'Xn) and \Vu\ G ^^(^^(f))}. 
The corresponding norm for this space is 

Il'"lll^i,p{i^)(f7) = + l|V'"liLP(^)(Q) 

Define '^^"''^(J^) as the closure of C^{n) with respect to the W^'P^^^^Q) norm. The spaces 

LP^^\Q,), W^'P^^\Q,) and Wq'^^^\q) are separable and reflexive Banach spaces when 1 < infj^p < 
SUPqP < oo. 

As usual, we denote the conjugate exponent of by = p{x) / {p{x) — 1) and the Sobolev 
exponent by 

I oo if p{x) > N 

The following result is proved in [6j (see also [3], pp. 79, Lemma 3.2.20 (3.2.23)). 

Proposition 2.1 (Holder-type inequality). Let f G LP^^^fl) and g G L'^^^^Cl). Then the 
following inequality holds 

ll/(2;)5(a;)llL=W(f7) < ((^) + (^) )ll/llLPW(f7)lbllL^W(Q), 

where 

1 1 1 

+ 



s{x) p{x) q{x) 
The Sobolev embedding Theorem is also proved in [6\, Theorem 2.3. 
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Proposition 2.2 (Sobolev embedding). Let p,q € C(0) be such that 1 < q{x) < p*{x) for all 
a; € ri. Then there is a continuous embedding 

Moreover, z/infn(p* — q) > then, the embedding is compact. 

As in the constant exponent spaces, Poincare inequality holds true (see [3], pp. 249, Theorem 
8.2.4) 

Proposition 2.3 (Poincare inequality). Assume p{x) is log-Holder continuous. Then, there is 
a constant C > 0, C = C{Q), such that 

\W\\Lp(^){n) ^ C'||Vu||^^i,p(^)(Q-), 

for allue W^'^^''\n). 

Remark 2.4. By Proposition 12. 3^ we know that ||Vn||^p(a;)(Q) and ||'u||^^i,p{i:)(Q) are equivalent 
norms on Wq (' 

Throughout this paper the following notation will be used: Given q: Q R bounded, we 
denote 

q^ := supq{x), q~ := miq{x). 
n ^ 

The following proposition is also proved in [6] and it will be most usefull (see also [3], Chapter 
2, Section 1). 

Proposition 2.5. Set p{u) := \u{x)\p^^^ dx. For u G LP(^)(r?) and {uk}km C U'^'^X^), we 
have 

(2.1) (^llnlliPM(f^) = A^/)(^) = l). 

(2.2) \\u\\Lv(.){n) < 1(= 1; > 1) ^ Piu) < 1(= 1; > 1). 
(2-3) ll^illLpW(n) > 1 ^ ll^llLpW(f7) - ^(^) - ll'"llLpW(n)- 

(2-4) MLp(^)in) < 1 ^ h\C(.)in) ^ ^(^) ^ Mlp(^)iny 

(2.5) lim \\uk\\Lp{a:)(Q) = <^ lim p{uk) = 0. 

k—KX} ^ ' fc— >oo 

(2.6) lim ||ufc||ip(a:)m-) = oo <^ lim p(ufc) = oo. 
For much more on these spaces, we refer to [3]. 

3. Refinement of the Concentration-Compactness Theorem 

In this section we make a refinement of the Concentration-Compactness Theorem for variable 
exponent spaces that was proved independently by [8] and [9]. 

The refinement made here is essential in the remaining of the paper and it involves a precise 
computation of the constants. More precisely, we prove 
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Theorem 3.1. Let {unjneN a sequence such that Un ^ u weakly in Wq'^^^\^1) . 

Then there exists a finite set I and points {xi}i^i C A such that 

(3.1) |u„|''^^^ u = \u\'^^^^ + i^iSxi weakly in the sense of measures 

(3.2) |Vu,t|^^^^ ^ /U > |Vti|^*-^^ +^^//j(52:. weakly in the sense of measures 

(3.3) S,Mf^'<^xl^. 

Remark 3.2. The refinement that we present here is in inequahty ()3.3p . 

Proof. As in [8] it is enough to consider the case where m„ ^ weakly in Wq'^^^\^). 
Now, consider (j) G C^{Q)^ from Sobolev inequahty for variable exponents, we obtain 

(3-4) S{p{-),q{-),VL)\\(l)Un\\Li(-)(n) < \\'^i4>Un)\\LP(-){n)- 

In order to compute the right-hand side, we observe that 

(3-5) ll|V(0'u„)||iP(x)(f^) - ||</'V'u„||^p(.)(f^)| < \\unVct>\\Lp(-){n)- 

Then, we see that the right hand side of (j3.5p converges to 0. In fact, 

\\Un^4>\\LP(^)(n) < + lF'^lhn||LP(-)(f7) ^ 0, 

as Wq'^^^\q,) is compactly embedded in LP^^^Q,). 



Therefore, taking n — ?> oo in (13. 4p . we have, 
(3.6) 5(p(-),g(-),f^)ll0ll^,{.)(n) < II'/'IIl^'ch)- 

This is a reverse-Holder type inequality for the measures fi and v. Now, as in [8J it follows that 
(O) and D hold. 



Again, exactly as in [8j it follows that the points {xi}i^j belong to the critical set A. 



It remains to see (|3.3p . 

Let G Cc°°(M^) be such that < < 1, 0(0) = 1 and supp((/>) C -Bi(O). Now, for each i G / 
and e > 0, we denote 4>e,i{x) := 4>{{x — Xi)/e). 

Since supp((/>£_iti„) C B^{x,i), by (|3.6p with = B^{xi), we obtain 

5(p(-), <?(•), i?.(xi))ll0Mll^,W(B^(,,)) < 
By p.ip . we have 
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From now on, we will denote 

qte-= sup (lie-= inf 0(2:), 

pf^ := sup p{x), := inf p{x). 

If Pui(l)io,e) < 1 then 
Analogously, if Pu{4'io,s) > 1 then 

lU II ^ 

Therefore, 

1^ 1 

mm^iy-''%l^-'''^S{p{-),q{-),BeiXi)) < Ui,e\\L^J.-)(^B,{x,))- 

On the other hand, 

[ |0i,.r(^')d//</i(i?,(xi)) 

hence 

1 1 

so we obtain, 

(?(•), i3e(xO) min , i//- } < max , '^^^ }• 

As p and g are continuous functions and as q{xi) = p*{xi), letting e — > 0, we get 

{^mS{pi-),q{.),B,ix.))yi/^'^^ < 

where m := liuie^o fi{Be{xi)). 

The proof is now complete. □ 

4. Proof of the main results 
We begin this section with the proof of Theorem 11.11 

4.1. Proof of Theorem ll.il First we prove a uniform upper bound for S{p{-),q{-), 0,) depend- 
ing only on p^ and p^. 

Lemma 4.1. With the assumptions of Theorem \l.l[ it holds that 



S{p{-),q{-),n) < inf K-\ 



where K,. ^ is given in (jl.6p . 
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Proof. First, we observe that our regularity assumptions on p and q implies that 

q{xo + Ax) = g(xo) + pi{X, x) = p*{xo) + pi(A, x), 

p{xo + Xx) = p{xo) + /02(A, x), 

with lim;v_i>o+ A'''^*^'^'^-' = 1 uniformly in ^1 (k = 1, 2). 

Now, let (j) £ C^(0), and define (px to be the rescaled function around xq G A as (px = 

— n 

A^W0(2Lz2o). Then we have 

1= / {—-^ I dx= / A i n J. n ) d,y. 

Jn^\\(P\\\Li<~^)(n)'^ Jn ^\\(px\\Li(^)(n)^ 

Since 

\\'t>\\\L'i<^^){Q,)' 

we get 



A ^ iin-ir^ ) ^1 whenA^O+ in{|</)| >0}CJ^, 



1 = 

Analogously, 



l|V(/>A||LPW(n) 

r ^ -N(p(xo)+p2(^X,xo+Xy)) ^ / (j)[y)\ \ p(a;o)+P2 (A.IQ+Ay) ^ 

M|V<^A(y)|lLP(-)(f7)^ 
Jn M|V^^A(y)||LPW(a)^ 



dx. 



Again, 

^^0^-p,iX,xo+Xy) ( 

■\\^<Pxiy)\\Lp(-){n)' 
so we arrive at 



A -^-^itr"' -^^(^.-o^^^) ( „^ J^tl'^' )"'''"^''' ^ 1 when A ^ 0+ in {|V^| > 0} C 



limA^o+ l|V0A|lS°](n) 
Now, by definition of S{p{-),q{-),Q), 

S{p{-),q{-),VL) < — — ^ 

ll'?'A|lL'JW(n) 

and taking limit A — > 0+, we obtain 



lL«(»^o)(f2) 

for every ^ G C^(J^). Then, 

5(p(.),g(-),^^)<i^,-(i„), 
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SO, 

Sip{-),qi-),n) < inf 

as we wanted to show. □ 

Now, the proof of Theorem 11.11 follows easily as a simple corollary of Lemma |4.1[ 

Proof of Theorem \l.l\ Applying Lemma |4. II to the case O = Bf,{xQ) for G ^ we get that 

5(p(-),g(-),i?.(xo))<i^p(i„) 

for every e > 0. So 

Now, for the first inequality, we just observe that the Sobolev constant is nondecreasing with 
respect to inclusion, so 

S{p{-),q{-),n)<S{p{-),q[-),B,{xo)) 

for every ball ^^(xo) C 0. 

So the result follows. □ 

4.2. Proof of Theorem 11.21 Now we focus on our second theorem. We begin by adapting a 
convexity argument used in [10] to the variable exponent case. 



Theorem 4.2. Assume that p'^ < q . Let {un}neN be a minimizing sequence for (jl.3p . Then 
the following alternative holds 

• {''inlngN has a strongly convergence subsequence in L'^^^\Q) or 

• {unjnGN has a subsequence such that \un\'^^^'^ weakly in the sense of measures and 
|Vitn|^^^^ ^ "S^^Q^^ weakly in the sense of measures, for some xq € A. 

Proof. Let {urijneN be a normalized minimizing sequence, that is, 

S{p{-),qi-),^) = lim ||Vun||^pM(m 

and 

ll^n|lL'3{^)(r2) = 1 

Since {n^jneN is bounded in Wq'-^^^\^), by the Concentration-Compactness Theorem (Theorem 
13. ip . we have that, for a subsequence that we still denote by {un}neN, 



+ i^iSxi, weakly in the sense of measures. 



|Vti„|*'^^'* ^ fj, > |Vn|^^^^ + '^^fiidx^, weakly in the sense of measures, 
where u € WQ'^^''\n), / is a finite set, Xi e A and > zy^P'^^^^ 
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Hence, using Theorem I4.H 
1 = lim [ — ! ^^^L 



> 



P('j:i) 



> [ \sipi-),q{-),n)-'vu\p^-Ux + Y,s,r-f^: 



> 



mm{{S{p{-),q{-),nr'\\Wuhr>i,)^n)r,{S{p{-),^ 



) 



>min{||n||^,(,)(^^,||^x||P,(,)(^^} + ^ 

i&I 



where in the last inequahty we have used the definition of S (jl.3p . 

Now, as 1 1 lira 11^9(2:) (Q) = 1 and Un ^ u weakly in L'^^^\il.), it follows that | 2,9(2^) (q) < 1, 
hence 

+ - + 4 

So we find that 

p+ p(xi) 



(4.1) p,H^+^..f<-' <1. 

is/ 

On the other hand, as Un is normalized, we get that 

(4.2) l = p,(n) + ^i^i. 

Since p'^ < q~, by (j4.ip and (j4.2p . we can conclude that either Pq{u) = 1 and the set I is empty, 
or M = and the set / contains a single point. 

If the first case occurs, then 1 = ||'Un|lL<j(^)(Q) = Pqiun) = Pgiu) = 11^^11^9(2;) (q) and, as L''(^')(J7) 

is a strictly convex Banach space, it follows that Un ^ u strongly in L'^^^\0,). 

If the second case occurs it easily follows that f = 1 and pQ = 'S^^^"\ □ 
With the aid of this result, we are now ready to prove Theorem 11.21 



Proof of Theorem \1.2l Let be a minimizing sequence for 

If {un}neN has a strongly convergence subsequence in L'^^^\0,), then the result holds. 

Assume that this is not the case. Then, by the previous Theorem, there exists xq £ A such 

that lunl'^'^'^ ^ weakly in the sense of measures and iVunp^'^) ^ Sl[^°^5xo weakly in the 
sense of measures 



So, for e > 0, we have 
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Then, there exists no such that for ah n > no, we know that: 
Taking hmit, we obtain 



S{pi-),qi-),n)>Sx,-e 
As e > is arbitrary, the resuh follows. □ 

5. Continuity of the Sobolev constant with respect to p and q 

In this section, we prove the continuity of the Sobolev constant S {p{-) , q{-) , ^l) with respect 
to p and q in the L°°(il) topology for monotone sequences. 

We first prove an easy Lemma on the continuity of the Rayleigh quotient. 

Lemma 5.1. Let pn ^ p and qn ^ q in L°°{Q). Then, for every v G C^{Q,), Qp„,q„,Q{v) — >■ 
Qp,q,n{'")- 

Proof. We only need to prove that 

||Vf ||Vv||j^p{a:)(f^) aud I ^ 1 1 L<Jn (x) (Q) " > 1 1 1 1 (Q) ■ 

For that, we have 

Qnix) f / \v\ \Qix) 

dx — )■ / --- — — dx < 1, 



In ^\\v\\Li(^)(n) + '^^ Jq MbllL9(^)(n) + ^ 

so, there exist no such that Vn > no. 



n ^ \\v\\Li(^){n) + ^ 



dx < 1. 



Therefore |lv|lL9„W(f7) < ||?^||L9W(n) Analogously, we obtain - ^ < \\v\\Lir.i^)(n)- 

In conclusion, for every (5 > we get 

h\\Lii^){n) - ^ < liminf |lu|li,„w(Q) < limsup ||v||L,,n(a;)(f^) < ||t'||L9W(f7) + 5 

In a complete analogous fashion, we get 

\\^ALP^-){n) - ^ ^ liminf || Vw||^j,„(.)(f^) < limsup \\Vv\\^p„^^)(^^^ < || Vt;||^pM(f^) + 6 

This finishes the proof. □ 

Now we prove the main result of the section. 

Theorem 5.2. Let Pn ^ P and qn ^ q in L°°(0). Assume, moreover, that Pn > p and that 
qn < q- Then S{pn{-),qn{-),^) S{p{-),q{-),il). 

Proof. Given 5 > we pick u G C^(il) such that Qp,q,n{u) < S {p{-) , q{-) , Q) + 5. Since, by 
Lemma [5711 lim„_j.oo <3p„,g„,c('") = Qp,q,n{u), we obtain, using n as a test-function to estimate 
S{pni-),qn{-),^), that 

limsup 5(pn(-),Q'n(-)>^^) < limsupQp„,g„,n('u) 

= Qp,q,n{u) 

<Sipi-),q{-),n)+6 
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for any S > 0. It follows that 

\im sup S{pn{-),qn{-),^) < S {p{-) , q{-) , n) . 

We now claim that there holds 

limmfS{pn{-),qn{-),n) > S {p{-) , q{-) , n) . 
The claim will follow if we prove that for any u G C^{0,), 
(5-1) l|Vw||ip„M(Q) > (1 + o(l))||Vu||^p(.)(f^), 

and 

(5-2) \MLin(^)(n) < (1 + o(l))lkllL'?(-)(Q)> 

where o(l) is uniform in u. Since pn > p we can use Holder inequality (Theorem 12. ip . with 
i = — + — to obtain 

P Pn Sn 

< (1 + o(l))||V«||^p„w max{|^7|(l/^")^ 
= (l + o(l))||Vu||^p„M, 

where the o(l) are uniform in u. Equation (jS.ip follows. We prove (j5.2p in the same way 
considering t„ = -223_ and writing that 

IMli^M < ((^n/g)"^ + (gnAn)+)|b||i9w||l||it„(.) 
= (l + o(l))|b||L,W. 

The proof is now complete. □ 

6. Investigation on the validity of 5 = inf ^ + 

In this section we investigate whether the equality 
(6.1) S= inf K-^ 

holds or not. 

We show that, under certain assumptions on p{xq) and q{xo), xq G A the equality 

(6-2) = ^^(io) 

is valid. 

As far as we know, it is an open problem to determine wether the equality holds true or not 
in general. 

The aim of this section is to prove the following Theorem. 
Theorem 6.1. Assume that p{-) and p* {■) / q{-) have a strict local minimum at xo € A. Then 

^mS{p{.),q{-),B,)=K~^ly 

This Theorem is a direct consequence of Theorem 15.21 and the following result: 
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Proposition 6.2. Assume € ^ and denote by p = p{0), Bf. = B^(fi). 
For any u € C'^{B^), there holds 



and 



iVull 



\lp(-)(b,) = e^'^*^^ + o(l))l|Vns||^p,(.)(5^), 
where o(l) is uniform in u, Pe{x) := p{sx), qe{x) := q{ex) and u^{x) := u{ex). 

Assuming Proposition 16. 21 we can prove Theorem 16.11 

Proof of Theorem \6.1\ We have 

Q{p{-),q{-),B,){u) = (1 + g.(-), Bi){ue) 

where the o(l) is uniform in u, so that, noticing that the map u € C^^B^) £ C^{Bi) is 

bijective, 

(?(•), B,) = (1 + o(l))5fe(-), qei-),Bi) = (1 + o(l))5(p(0), (?(0), B,) 
= {l + o{l))S{p{0),p{0r,B,) 

which proves Theorem 16.11 □ 



It remains to prove Proposition 16.21 
Proof of Proposition \6.2l Given u € C'^{Bf,) we have 

\\'^\\li(^){B^) 



inf{A > 0: /„^'^(n) < 1}, 



where 



u[x 



A 



q{x) 



dx 



Bi 



N 



dx. 



Writing that 

= exp{-iVlne(g(0) + 0{e))-^} = e-^/P' {1 + o(l)), 
where the 0(e) and the o(l) are uniform in x and n, we obtain 

lkllL.W(i?,) =inf{A>0: I^''{u) < 1} 

= e^/P*(l + o(l))inf {A > 0: 1^^^^) < 1} 



3.3) 



from which we deduce the result. The proof of the result for the gradient term is similar: we 
have 



|V^x|Lrt.)(o ) = inf {A > 0: /„^'^(V^.) < 1}, 



and 



Jb_ 

and we can end the proof as before. 



Vu{x) 



p{x) 



dx 



\7Ue{x) 



1- ^ 



dx. 



□ 
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7. On the strict inequality S{p{-),q{-),Q) < S 

In this section we provide with an example of a domain 0, and exponents p, q where the 
condition S{p{-), q{-),Q) < 5 is satisfied. 

The condition is the existence of a large ball where the exponent q is subcritical. Up to our 
knowledge it is not known if S {p{-) , q{-) , il.) < S can hold when q = p* on 0,. 

This example somewhat relates to the one analyzed in |I3]. More precisely, we can show 

Theorem 7.1. Assume that Bji C 0, \ A where Bji is a ball of radius R. Moreover, assume 
that q%^ < {p*)b^- 

Then, If R is large enough, we have that S {p{-) , q{-) , < S. 

Proof. Assume that Q contains a subcritical ball Br. Take u G C^{Bi) such that \u\, |Vn[ < 1, 
and consider uji{x) = u{x/R). We take R big enough to have 

R^-P^ [ \Vu\P^ dx > 1, R^ f \uf > 1 



and 



Then we claim that 



We first note that 



iVull 



U 



I|vu_r||^p(^)(-5^-) 

lki?llL9(^)(BB) 



< s. 



I |Vn/j,|P(^)dx= /" R^-P^^''^Vu\P^^\x)dx>R^-P^ [ \Vu\p'' dx > 1 

J Br Jbi Jbi 

so that, by Proposition 12.51 



\\^M\Lvi^)iBR)<(yj^ |Vn,j|^'(") dxj "^''■CR'-'br (^j^\Vuf^Bdx 
In the same way 

I dx = R^ [ |u|«(^^) dx>R^[ lul"^ > 1 

Jbr Jbi Jbi 

SO that 

1/9^ 



from which we deduce our claim. This finishes the proof. □ 

Acknowledgements 



This work was partially supported by Universidad de Buenos Aires under grant X078 and by 
CONICET (Argentina) PIP 5478/1438. 



SOBOLEV EMBEDDING FOR VARIABLE EXPONENT SPACES 



15 



References 

[1] Alberto Cabada and Rodrigo L. Pouso, Existence theory for functional p-Laplacian equations with variable 

exponents, Nonlinear Anal. 52 (2003), no. 2, 557-572. MR 1937640 (20031:34038) 
[2] Yunmei Chen, Stacey Levine, and Murali Rao, Variable exponent, linear growth functionals in image restora- 
tion, SIAM J. Appl. Math. 66 (2006), no. 4, 1383-1406 (electronic). MR 2246061 (2007d:94004) 
[3] Lars Diening, Petteri Harjulehto, Peter Hasto, and Michael Riizicka, Lebesgue and Sobolev spaces with variable 

exponents. Lecture Notes in Mathematics, vol. 2017, Springer, Heidelberg, 2011. MR 2790542 
[4] Teodora-Liliana Dinu, Nonlinear eigenvalue problems in Sobolev spaces with variable exponent, J. Funct. 

Spaces Appl. 4 (2006), no. 3, 225-242. MR 2265240 (2007f:35081) 
[5] Xian-Ling Fan and Qi-Hu Zhang, Existence of solutions for p{x)-Laplacian Dirichlet problem. Nonlinear 

Anal. 52 (2003), no. 8, 1843-1852. MR 1954585 (20041:35060) 
[6] Xianling Fan and Dun Zhao, On the spaces L^'(^'(t7) and W^'"'" (t7), J. Math. Anal. Appl. 263 (2001), 

no. 2, 424-446. MR 1866056 (2003a:46051) 
[7] Julian Fernandez Bonder, Nicolas Saintier, and AnaKa Silva, On the sobole trace theorem for variable exponent 

spaces in the critical range, in preparation. 
[8] Julian Fernandez Bonder and Anah'a Silva, Concentration-compactness principle for variable exponent spaces 

and applications, Electron. J. Differential Equations (2010), No. 141, 18. MR 2729462 (2011f:35106) 
[9] Yongqiang Pu, The principle of concentration compactness in L^^'^^ spaces and its application, Nonlinear 

Anal. 71 (2009), no. 5-6, 1876-1892. MR 2524401 (2010g:35088) 
[10] P.-L. Lions, F. Pacella, and M. Tricarico, Best constants in Sobolev inequalities for functions vanishing on 

some pari of the boundary and related questions, Indiana Univ. Math. J. 37 (1988), no. 2, 301-324. MR 963504 

(891:46036) 

[11] Mihai Mihailescu, Elliptic problems in variable exponent spaces. Bull. Austral. Math. Soc. 74 (2006), no. 2, 

197 206. MR 2260488 (20071:35098) 
[12] Mihai Mihailescu and Vicen^iu Radulescu, On a nonhomogeneous quasilinear eigenvalue problem in Sobolev 

spaces with variable exponent, Proc. Amer. Math. Soc. 135 (2007), no. 9, 2929-2937 (electronic). MR 2317971 

(20081:35085) 

[13] Yoshihiro Mizuta, Takao Ohno, Tetsu Shimomura, and Naoki Shioji, Compact embeddings for Sobolev spaces 

of variable exponents and existence of solutions for nonlinear elliptic problems involving the p{x)-Laplacian 

and its critical exponent. Arm. Acad. Sci. Fenn. Math. 35 (2010), no. 1, 115-130. MR 2643400 (2011c:35114) 
[14] Michael Riizicka, Electrorheological fluids: modeling and mathematical theory, Lecture Notes in Mathematics, 

vol. 1748, Springer- Verlag, Berlin, 2000. MR 1810360 (2002a:76004) 
[15] Analia Silva, Multiple solutions for the p{x) -Laplace operator with critical growth. Adv. Nonlinear Stud. 11 

(2011), no. 1, 63-75. MR 2724542 (2011m:35100) 

(J. Fernandez Bonder and A. Silva) IMAS - CONICET and Departamento de Matematica, FCEyN - 

Universidad de Buenos Aires 

CiUDAD Universitaria, Pabellon I (1428) Buenos Aires, Argentina. 

(N. Saintier) UNGS and Departamento de Matematica, FCEyN - Universidad de Buenos Aires 
CiUDAD Universitaria, Pabellon I (1428) Buenos Aires, Argentina. 

E-mail address, J. Fernandez Bonder: jfbonderSdm.uba.ar 

URL, J. Fernandez Bonder: http://mate.dm.uba.ar/~jfbonder 

E-mail address, A. Silva: asilva@dm.uba.ar 

E-mail address, N. Saintier: nsaintie@dm.uba. air 

URL, N. Saintier: http://mate.dm.uba.eir/~nsaintie 



